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A calculation is made of the cumulative effect of numerous small orbital perturbations caused
by gravitational and collisional deflections of meteorites by other bodies in the asteroid belt. It
is found that in a time equal to the age of the solar system the mean change in perihelion distance
caused by gravitational perturbation is of the order of 10— A. U.

This phenomenon is consequently of negligible importance in removing meteorites from the
asteroid belt. This conclusion is in disagreement with a result reported in the recent literature.
The calculated mean change in perihelion distance caused by multiple collisional scattering is
somewhat higher, about 10—3 A. U. It is conceivable that a small fraction of very strong objects
such as iron meteorites in highly inclined and eccentric orbits may be deflected into Mars-crossing

orbits by this mechanism.

A serious difficulty in the asteroidal theory of the
origin of meteorites is that of removing the aster-
oidal fragments from the asteroid belt and placing
them into earth-crossing orbits. This has been dis-
cussed by a number of authors, e.g. Arnoip?,
Anpers 2, Opik3, and WerneriL and WiLriams 4.
One conceivable mechanism whereby this might be
accomplished is by multiple scattering: either by
repeated gravitational perturbations by the numer-
ous small asteroids passing in its vicinity, or by re-
peated “jostling” by mechanical collisions with even
smaller bodies. It has been reported 5 that the first
of these mechanism suffices to remove meteorite-
sized bodies from the asteroid belt on a time scale
of 10° years. In the present paper it will be shown
that the first of these mechanism is ineffective in
placing meteorites into earth-crossing orbits. The
second is probably also unimportant, but may be
significant for very strong objects in highly inclined
or eccentric orbits.

In order for a body to be placed into an earth-
crossing orbit it is necessary that its perihelion
distance g be changed from a typical asteroidal
value of 1.8 —3.0 A.U. to less than 1.0 A.U. The
relationship between this necessary change in peri-
helion (dq) and the changes in the velocity com-
ponents of the body will first be found.

Since g=a(l —e), (a=semi-major axis, e=ec-
centricity) the change in ¢ associated with small
changes da and de will be

0g=0a(l—e) —ade (1)
ArvoLp, Astrophys. J. 141, 1536, 1548 [1965].
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The heliocentric components of velocity of the body
will be given by

Uz2=72A(1—e) costi, (3)
U2=pA(1—¢?) sin? (4)

and the total velocity will be given by
UP=U2+Up2+Uz2=92(2-1/A) (5)

where the coordinate system is chosen so that the
z direction is radial, the y direction is perpendicular
to the z direction in the plane of the solar system
(positive in the direction of direct planetary mo-
tion) and the z direction is perpendicular to the
plane of the solar system. 4 =a/o, where ¢ is the
distance from the sun; y=V'G M/o where G is the
gravitational constant and M the mass of the sun;
and 7 is the inclination relative to the plane of the
solar system.

By differentiation of (2) and (5) it is found that

1 [U&U 2 U,? Uz 6U
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0a=2U0Ua*/y?0 (7)

and by substitution into (1)
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The quantities U 0U/y* and U, 0U,/y? are dimen-
sionless, so dgq will be given in A.U. if @ and o are
expressed in this unit.

It is convenient to write (8) in the form

Uz Uz

G. W. WETHERILL

where {; and {, are functions of a, e, and the posi-
tion of the meteorite in its orbit, 6.

The case of multiple gravitational scattering will
be treated first. The new velocity components re-
sulting from gravitational perturbation through an
angle v in the reference frame of the perturbing

0g=01— 5 — G y2 9) body are given by:
’ ’ " Uy U, U.
Uyg'=U, cosy— U7 ’2+U . siny cos 1) — ZVZ—Z,S%;S—U‘, (10)
3 7 U/ U # . U ’ U ’ . 2
Uy'=U, cosy+ V—fo,‘;_:ilT?smwcosn— zvg;;s;%%gﬁ, (11)
Uy =U, cosy+ VU, 2+ U, 2sinpsiny (12)

where 7 is the azimuth of the intersection of the
trajectory of the body under study with a target
circle perpendicular to this trajectory, and having
the perturbing body at its center. The primed ve-
locities U,’, U,’, U, and U’ refer to the velocities
of the perturbed body in the rest frame of the per-
turbing body.

When the angle of deflection is small, siny~ 1y
and cos @~ 1. Then

oU, =

U U,/ cosn—U, U, siny],
(13)
 [U Uycosy—U, U, siny],
(14)
(15)

2 e [

oU, = Vi ,2+U

oU,/ 2y VU, 2+ U, ?siny.
The deflection angle v will be given by

(16)

2 3
sin(v/2) = 1y vjem

where G is the gravitational constant, m is the mass
of the perturbing body, and b is the distance of
closest approach of the two bodies.

For small deflections, (16) is equivalent to

w226 m/bU (17)

If the perturbing body is significantly larger than
the perturbed body, the velocity of the larger body
will not change very much. In this case

oU, = 0U,, 0U,=208U,, 8U,~8U,". (18— 20)

For smaller perturbing bodies the changes in the
heliocentric velocities will be smaller than the prim-
ed quantities.

The change in the total velocity can be found by
differentiating U? and substitution of (18), (19),
and (20):

8U= 26U, + 10U,

’ UZ ’
+GoU, D

which can be introduced into (9) to obgain
0= 5 (51 L) 0U, E;f’f‘l ou,’ ’U:,f'laUz'.

(22)

Because the azimuth #, appearing in (13), (14),
and (15), can range from O to 2 7, negative values
of 8U,’, 8U,/, and 68U, are just as probable as posi-
tive values, and on the average dq will be zero.
However, the mean squared change, d¢? will not
average to zero, and it is thereby possible for me-
teorites to “diffuse” out of the asteroid belt by ran-
dom walk.

Averaging over al values of the azimuth, the mean square change in perihelion distance will be

éU.Z (Cl C2) 5 UI

py i
i 7

0Uy2 L2 Uy?

_0UZ2 42 U

i y (23)

where the terms proportional to the cross products such as 60U, U,  average to zero when averaged over

all values of the azimuth 7.
By use of expressions (13), (14),
262 m* (&1 —C)2Uz* (URU,24U,2Ug?)

Oq* =

(15), and (17)

LEUEURULA+ U2 Uy £2U2 U2+ Uy

b.. 74 U’4 (Uz’2+ Uy’Z)

YU (UL 2+Uy?) N iz Ut I (24‘)
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for a perturbing body of mass m at a distance b.

The total squared changed in perihelion will be
given by multiplying (24) by the number of bodies
of mass m at distance b with given orbital elements
and summing over the complete range of masses,
impact parameters, and orbital elements.

It will be assumed that the asteroidal masses are
distributed in accordance with a power law, which,
when expressed in terms of their radii gives

dn=Cr=?dr (25)

for the number of perturbing bodies per unit vol-
ume with radii between r and r+dr. In an earlier
study © an expression was obtained for the probabi-
lity per year (Pr) of a body with orbital elements
(a, e, ) passing within a distance b of another body
with orbital elements (a,, €, , 7). It was found that
this probability was proportional to b2 and thus can
be written in the form Pp= Py b%. The probability
per year of it passing at a distance between b and
b+db will be 2b Pyydb. The squared change in
perihelion, per year due to all bodies between mass
m and mass m+dm passing at distances between
b and b+ db and having the same orbital elements
will be

0%q, = 4,? )28 Cr PPy ®db  (26)

where o is the average density of the perturbing
bodies, and P is the expresion in braces in (24).
The averaging of the product Py over all values
of the orbital elements of the perturbing bodies for
a given set of elements of the perturbed body could
be performed numerically if desired. However in
this paper we are concerned only with evaluating
the importance of this scattering mechanism. For
this purpose we will replace Py with the average
quantity P;, obtained by averaging numerically Py
over a field of asteroids having the orbital elements
of the 127 numbered of absolute magnitude 9.0 or
brighter, assuming the orbital elements of the per-
turbed body are those of “Astrid”, a hypothetical
average asteroid with a=2.75 A.U.,, e=0.2727,
and 7=0.2760 radians. Fig. 1 is a histogram show-
ing the distribution of relative velocities between an
object having the orbital elements of Astrid and a
field of asteroids with the orbital elements of the
327 numbered asteroids brighter than absolute
magnitude 10.0. In obtaining a numerical value for

8 G. WernerILL, J. Geophys. Res. 72, 2429 [1967].
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Fig. 1. Relative velocities of the hypothetical average asteroid

Astrid (e=2.75 A.U., e=0.2727, i=0.2760 radians) with the

327 numbered asteroids brighter than absolute photographic

magnitude 10.0 The velocities were computed at the point of

intersection of the two orbits, assuming random relative longi-

tudes of their nodes with respect to the invariable plane of the
solar system.

the average value of P, the orbital elements of
Astrid are again used for the perturbed body, and
the average values U=3.5 km/sec consisting of
components U,=U,=U,=2.02km/sec are used
for the relative velocities. The final conclusion does
not depend upon this assumption, and even un-
reasonable choices of these velocities will not signi-
ficantly alter the conclusion.

Expression (26) may then be summed over the
entire range of radii and impact parameters with
the result:

2 ;2 : 62 e
E;; 4 ?Y_C:))L(L (r27—p_r17—p) dIn %% .
(27)

Since ry will be of the order of the meteorite ra-
dius and r,, the largest perturbing body will be
~100 km in radius, r, > r; and the contribution of
ri77? in (27) is negligible for reasonable values of
p (see previous discussion®). It will be assumed
that the index p =3, although the conclusion does

0%q, =
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not depend upon this assumption. Then

2 —
gt = 16;’ GECP,o®r,A P In 2m2x

bmin

(28)

Because of their occurrence in the logarithm, this
expression will be insensitive to the choice of by
and by;, -

It is necessary to keep units consistent in evaluat-
ing (28). This may be done conveniently by writ-
ing @ =®'/U* where now @’ consists of dimen-
sionless quantities multiplied by function of {; and
(s, which, as previously noted, will give ¢ in A.U.
if @ and o are expressed in A.U. The remaining fac-
tor in (28) will then have the dimensions of yr™!,
essentially consisting of an average squared deflec-
tion angle per perturbing body per year multiplied
by the number of perturbing bodies. If the quanti-
ties entering into this factor are expressed in any
consistent set of units, ¢g*> will be given in A.U.2
yr!

The value of C appropriate to the index p =3 will
be taken to be 2.81 x 105 cm? O =x/2, P;=2.5
%1072 em™2 yr~! (as discussed previously ),
0=3.5 gfem®, r,=107cm, by.x=10"cm, by, =
102 cm. The calculated value of @” is 0.322. Substi-
tution of these numerical quantities into (28) gives
the result:

092 22.6x 10718 A U2 yr 1, (29)

In the age of the solar system, i.e. 4.5 % 10° years,
the total accumulated mean square change in peri-
helion will be

0grP21.2x1078A.U.2 (30)

and the root mean square change in perihelion will

be:

(0g72)"*=21.1 x 10* A.U. (31)

It may thus be seen that this mechanism will be
ineffectual in removing meteorites from the asteroid
belt even given times as long as the age of solar
system. A corollary of this conclusion is that the
approximation made by Sirte3 (ignoring the fact
that the meteorite is constrained by the gravitational
attraction of the sun to move in a Keplerian orbit),
is invalid.

The importance of the contribution of mutual
mechanical collisions between asteroids can be
evaluated more simply. The collisions which need
to be considered are those between a meteorite sized
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body and smaller colliding bodies, which upon col-
lision change the velocity of the meteorite. The
largest colliding bdies which need be considered are
those of radius r=0.5 R, where R is the radius of
the meteorite, since larger colliding bodies may be
expected to destroy the meteorite by extensive frag-
mentation. For an order of magnitude calculation
it may be assumed that the momentum change of
the meteorite is equal to the momentum of the col-
liding body. Therefore the change in velocity U of
the meteorite will be

6 o 7
Un 45 U (32)

where U’ is the relative velocity of the two bodies.

From (9)

2 — 2 2 2 2
3¢t = Ua? (&4 yé;e) ©Uz)* | yif};‘((&/z,),
U2 $2(0U3 | 33
s *LITAAL ( )

The components of 0U can be written in the form

U= " U cos,, (34)
-

oU, = R U'cosé,, (35)
-

oU,= R U'cosé,. (36)

The total increment in 0U,* per year due to col-
lisions with smaller bodies of radius between r and
r+dr will be

8T, 2= P Crr U2 God E 37
y1"= ga T COos™ Sy, (37)
which when integrated over all permissible values
of the radius of the colliding body gives
PiC Tloos dy
Rt (1—p)

Cs2Uy1 = ((05 R)7—p = rmiu7—p) .

(38)
Again taking p=3, and noting that ry;, ~107*
em <R,

B U,/ 7 2

02U, = 61 P;CU™cos*é&,. (39)

The contribution of the second term to d¢® in (33)
will be

Uy &

644 P;Ccos?&, U™

0qy,% = (40)
Since U,2>U,?>=2U,?, this term will predominate.
By substitution of the numbers used for the case

of gravitational scattering it is found that the root
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mean square change in perihelion distance in 4.5
% 10? years is
(0g.3) " 22 x 1073 A.U. (41)
Therefore, for collisions between objects in typi-
cal meteorite orbits, the effect of this second me-
chanism is also seen to be small. For stone meteo-
rites, it is probably smaller still, because they are
unlikely to survive collision with projectiles as large
as half their radius, as was assumed in these cal-
culations. However by assuming higher values of
the index p in the power law for the size distribution
as well as highly inclined and eccentric orbits, which
lead to higher relative velocities U” it may be pos-
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sible to raise (dg,2)”* by one or two orders of
magnitude. Even stronger bodies would be required
to survive this increased number of these higher
velocity impacts, but it may be that meteoritic iron
possesses this necessary strength. In this case mul-
tiple collisional scattering could provide a small
supply of iron meteorites in Mars-crossing orbits
in addition to those present at the time of origin
of the solar system.
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The polarographic investigation of Pb**, Cd**, Tl*, Zn** and Ni** ions in a KNO4-LiNO3-NaNOy
molten eutectic mixture was carried out by conventional and oscillographic (single-sweep) polaro-
graphy. Experiments were carried out in the temperature range 150—200 °C, with a dropping
mercury electrode as the cathode and a Ag/AgCl electrode as anode and reference. For ions with

reversible behaviour (Cd**, Pb**,

TI*) the polarographic diffusion coefficients calculated from

conventional polarography data by means of the Ilkovi¢ equation agree, within experimental errors,
with those obtained from oscillographic data by the Randles-Sevlik equation at low potential change
rates. At higher potential change rates deviations of the experimental peak currents from their
theoretical values were observed. This is associated with a marked distortion of the wave and
indicates a certain degree of kinetic control. The temperature dependence of the diffusion coeffi-
cients in the investigated range is the same for the ions with reversible behaviour and the corres-

ponding activation energy is E= —8.4 kcal/mole.

1. Introduction

The feasibility of using the dropping mercury
electrode (d.m.e.) in polarographic studies of mol-
ten nitrate melts was demonstrated some years ago
by SteixBerc and Nacurries !; their work indicated
that in such low melting systems the d. m.e. could
be used without particular difficulties and that the
Ilkovi¢ equation was quite valid.

The purpose of this work is to test, on the same
system, the validity of the equation first established
by Ranpres? and SevCik 3 for the case of oscillo-

1 M. SteinBere and N. M. Nacurries, J. Am. Chem. Soc. 72,
3558 [1950].
2 J.E. B. Ranpies, Trans. Faraday. Soc. 44, 327 [1948].

graphic polarography at linear voltage scanning.
More recently Matsupa and AvaBe? carried out a
complete analytical treatment of the single sweep
oscillographic polarography including the cases of
reversible, irreversible and “quasi” reversible elec-
trode reactions; in this work the expressions derived
by Marsupa are used.

For the case of the reversible electroreduction of
a cation Matsupa obtained the following equations:

(ip):=0,447TnF ACD¥(nFo/RT)}, (1)
(Ep):=E% —1,11RT/nF, (2)

3 A. Sevlik, Coll. Czech. Chem. Comm. 3, 349 [1948].
4 H. Matsupa and Y. Avasg, Z. Elektrochem. 59, 494 [1955]



